Abstract: "Fuzzy CP 2 ", which is a four-dimensional fuzzy manifold analogous to the fuzzy 2-sphere (S 2 ), appears as a classical solution in the dimensionally reduced 8d YangMills model with a cubic term involving the structure constant of the SU(3) Lie algebra. Although the fuzzy S 2 , which is also a classical solution of the same model, has actually lower one-loop effective action than the fuzzy CP 2 , Monte Carlo simulation shows that the fuzzy CP 2 is stable even nonperturbatively due to the suppression of tunneling effects at large N as far as the coefficient of the cubic term (α) is sufficiently large. As α is decreased, both the fuzzy CP 2 and the fuzzy S 2 collapse to a solid ball and the system is essentially described by the pure Yang-Mills model (α = 0). The corresponding transitions are of first order. The gauge group generated dynamically above the critical point turns out to be of rank one for both CP 2 and S 2 cases.
Introduction
Fuzzy spheres [1] , which are simple compact noncommutative manifolds, have been discussed extensively in the literature. One of the motivations comes from the general expectation that noncommutative geometry provides a crucial link to string theory and quantum gravity. Indeed Yang-Mills theories on noncommutative geometry appear in a certain low energy limit of string theory [2] . There is also an independent observation that the spacetime uncertainty relation, which is naturally realized by noncommutative geometry, can be derived from some general assumptions on the underlying theory of quantum gravity [3] .
Another motivation is to use fuzzy spheres as a regularization scheme alternative to the lattice regularization [4] . Unlike the lattice, fuzzy spheres preserve the continuous symmetries of the space-time considered, and hence it is expected that the situation concerning chiral symmetry [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] and supersymmetry might be ameliorated.
As expected from the connection to string theory [20] , fuzzy spheres appear as classical solutions in matrix models with a Chern-Simons-like term [21] [22] [23] [24] and their dynamical properties have been studied in refs. [25] [26] [27] [28] [29] [30] . One can actually use matrix models to define a regularized field theory on the fuzzy spheres as well as on a noncommutative torus [31] , which enables nonperturbative studies of such theories from first principles [32] . These matrix models belong to the class of the so-called dimensionally reduced models (or large-N reduced models), which is widely believed to provide a constructive definition of superstring and M theories [33] [34] [35] . The space-time is represented by the eigenvalues of the bosonic matrices, and in the IIB matrix model [34] , in particular, the dynamical generation of four-dimensional space-time (in ten-dimensional type IIB superstring theory) has been discussed by many authors [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] .
In ref. [50] we have studied the dimensionally reduced 3d Yang-Mills models with the cubic Chern-Simons term, which has the fuzzy 2-sphere (S 2 ) as a classical solution [21] . Unlike previous works we have performed nonperturbative first-principle studies by Monte Carlo simulations. We observed a first order phase transition as we vary the coefficient (α) of the Chern-Simons term. For small α the large-N behavior of the model is the same as in the pure Yang-Mills model, whereas for large α a single fuzzy S 2 appears dynamically.
For obvious reasons it is interesting to extend this work to a matrix model which accommodates a four-dimensional fuzzy manifold. In ref. [51] we have studied the dimensionally reduced 5d Yang-Mills model with the quintic Chern-Simons term [22, 24] , which is known to have the fuzzy 4-sphere (S 4 ) as a classical solution [52] . Unlike the fuzzy S 2 case, however, the fuzzy S 4 is unstable at the classical level, and Monte Carlo simulation confirmed that it does not stabilize even at the quantum level. The negative result is essentially due to the fact that the quintic Chern-Simons term has higher powers in A µ than the Yang-Mills term.
This motivates us to return to the class of models with a cubic term. As a candidate of a four-dimensional fuzzy manifold, we study the fuzzy CP 2 [23, 27, [53] [54] [55] [56] , which appears as a classical solution in the dimensionally reduced 8d Yang-Mills model with a cubic term involving the structure constant of the SU(3) Lie algebra. In fact the fuzzy S 2 , which is also a classical solution of this model, has smaller one-loop effective action than the fuzzy CP 2 . Monte Carlo simulation shows, however, that the fuzzy CP 2 is stable even nonperturbatively due to the suppression of tunneling effects at large N as far as the coefficient (α) of the cubic term is sufficiently large. As we decrease α both the fuzzy CP 2 and the fuzzy S 2 collapse to a solid ball and the system is essentially described by the pure Yang-Mills model (α = 0). The corresponding phase transitions are of first-order nature, and the value of the critical point can be reproduced analytically to a good accuracy.
We also calculate various observables by Monte Carlo simulations and find a good agreement with the one-loop results for both CP 2 and S 2 cases when α is above the corresponding critical points. Similarly to the model studied in ref. [50] , this suggests that perturbative corrections are dominated by the one-loop contribution at large N . In the present work we attempt to clarify the situation further by performing a large-N extrapolation. This reveals small but finite discrepancies from the one-loop results even in the large-N limit, which we interpret as a purely nonperturbative effect. We also reanalyze the model in ref. [50] by the large-N extrapolation and arrive at a similar conclusion.
In the large-N reduced models, not only the space-time [36] and but also the gauge group [57] is expected to appear dynamically. While there are certain evidences in the IIB matrix model that indeed four-dimensional space-time appears dynamically [44] [45] [46] 48] , the issue of the gauge group is totally unclear. The models we are studying may be considered as a toy model in which one may obtain a definite answer to such a question, since the gauge group of rank k naturally appears if the true vacuum is given by k coincident fuzzy manifolds. The value of k should be determined dynamically, and the result may of course depend on the model one considers. In the present model we find the gauge group to be of rank one for both the fuzzy CP 2 and the fuzzy S 2 . In arriving at this conclusion, the existence of the first order phase transition plays a crucial role as in our previous work [50] .
This paper is organized as follows. In section 2 we define the model and explain how the fuzzy CP 2 and the fuzzy S 2 appear as classical solutions. In sections 3 and 4 we study the properties of the fuzzy CP 2 and the fuzzy S 2 , respectively, by Monte Carlo simulations. In section 5 we compare the one-loop effective action for the fuzzy CP 2 and the fuzzy S 2 to discuss which is the true vacuum in the large α regime. In section 6 we study the instabilities of the coincident fuzzy manifolds. In section 7 we determine the rank of the gauge group which is generated dynamically in the large-α regime. Section 8 is devoted to a summary and discussions. In appendix A we present some technical details concerning the explicit form of the fuzzy CP 2 configuration. In appendices B and C we perform perturbative calculations for the fuzzy CP 2 and the fuzzy S 2 , respectively.
The model and its classical solutions
The model we study is defined by the action
where 8) are N × N traceless Hermitian matrices. The coefficient f µνρ is the structure constant of the SU(3) Lie algebra, whose nonzero components are given explicitly by
The pure Yang-Mills model (α = 0) and its obvious generalization to D dimensions with D matrices A µ (µ = 1, . . . , D) have been studied by many authors. In particular the large-N dynamics of the model have been studied by the 1/D expansion and Monte Carlo simulations [58] . The partition function was conjectured [59] and proved [60] to be finite for N > D/(D − 2). (See refs. [61] [62] [63] for the supersymmetric case.) The partition function in the presence of the Chern-Simons term has been studied analytically for N = 2 [64] , and it turned out to be convergent in the supersymmetric case, but not in the bosonic case. It is also proved that adding a Myers term (the cubic term in the present case) does not affect the convergence as far as the original path integral converges absolutely [65] , which means in particular that the partition function of our model is convergent for N ≥ 4.
The classical equation of motion of the model (2.1) is given by
One can easily see that there exists a solution of the form
where T µ satisfies the SU(3) Lie algebra
Hence one obtains a classical solution for each of the N -dimensional representations of the SU(3) Lie algebra. Let us consider the case in which T µ itself is the irreducible (m, n) representation, which we denote as T (m,n) µ . Such a solution exists when the size of the matrices A µ is
The explicit form of T (m,n) µ is given in the appendix A, where we also derive the identity
The space represented by the matrix A µ = α T (m,n) µ has the SU(3) isometry. There are two kinds of manifold whose isometry is SU(3). One is SU(3)/U(2), and the other is SU(3)/(U(1) × U(1)). In fact the SU(3)/U(2) space corresponds to the (m, 0) or the (0, n) representation, whereas the SU(3)/(U(1) × U(1)) space corresponds to the (m, m) representation.
In what follows we consider the CP 2 = SU(3)/U(2) space, which is given by This is in contrast with the fuzzy S 2 case [50] , where the corresponding solution exists for arbitrary N . As in ref. [50] we define the quadratic Casimir operator 10) which is useful for distinguishing various solutions. For the CP 2 solution, we obtain
This means that the fuzzy CP 2 has the radius ρ.
We note that the model also has the fuzzy S 2 as classical solutions. As an example, let us consider
where L µ is the N -dimensional irreducible representation of the SU(2) Lie algebra. The Casimir operator is given as
Other fuzzy S 2 solutions have smaller radii and larger effective action, so the one given above is the most relevant.
Properties of the fuzzy CP

2
In order to study the properties of the fuzzy CP 2 , we simulate the model (2.1) using (2.8) as the initial configuration. We apply the heat bath algorithm developed in ref. [58] for the pure Yang-Mills model, and the implementation of the cubic term is explained in the appendix A of ref. [50] . We measure quantities such as the action and the "space-time extent"
The one-loop results for these quantities are given in the large-N limit as (See appendix B.3 for derivation)
where theᾱ is a rescaled parameterᾱ
In figure 1 we plot the Monte Carlo data obtained for these quantities againstᾱ for N = 15, 21, 28 (namely m = 4, 5, 6). For both quantities we observe a discontinuity around which suggests the existence of a first-order phase transition. Such a first-order phase transition has been found also in the 3d Yang-Mills-Chern-Simons model [50] . This critical point can be reproduced analytically by considering the one-loop effective action as
See appendix B.2 for derivation. Below the critical point, the Monte Carlo data do not depend much on α. This is because the cubic term takes small values, and hence it does not play any role in this regime. The large-N behavior of the measured observables is actually given by
which is the same as in the pure Yang-Mills model (α = 0) [58] . Above the critical point, the Monte Carlo data agree well with the one-loop results (3.1) and (3.2) . This is consistent with the power counting argument [48] , which suggests that perturbative corrections are dominated by the one-loop contribution. Similar results are obtained in the 3d Yang-Mills-Chern-Simons model [50] . Here we would like to make a large-N extrapolation to clarify the meaning of the "one-loop dominance" further.
In figure 2 we plot the same quantities against 1 N for N = 10, 15, 21, 28, 36 (m = 3, 4, 5, 6, 7) and for fixedᾱ = 3.0, which is above the critical point. The data can be nicely fitted by a straight line, which implies that the leading finite-N effects are O( 1 N ). The extrapolation to N = ∞ reveals a slight deviation from the one-loop results, which we interpret as a purely nonperturbative effect.
Properties of the fuzzy S 2
In this section we study the properties of the fuzzy S 2 by Monte Carlo simulation using (2.12) as the initial configuration. The one-loop results for the observables are given in the large-N limit as (See appendix C for derivation)
where we introduce a rescaled parameter
which is different from (3.3). In figure 3 we plot For both quantities we observe a discontinuity at
which suggests the existence of a first-order phase transition. The critical point (4.4) can be reproduced analytically from the one-loop effective action as (See appendix C for derivation)α
In terms of the unrescaled parameter α the critical point for the fuzzy CP 2 and the fuzzy S 2 are α
, which means that the fuzzy S 2 survives even at small α where the fuzzy CP 2 no longer exists.
Below the critical point, we obtain results identical to what we have obtained in the previous section for the fuzzy CP 2 start. In particular the large-N behavior is given by the pure Yang-Mills model (α = 0). Above the critical point, our Monte Carlo data are close to the one-loop results (4.1) and (4.2).
In order to clarify the "one-loop dominance", let us perform the large-N extrapolation. In figure 4 we plot these two quantities against Again the large-N extrapolation reveals a small discrepancy from the one-loop result, which we interpret as purely nonperturbative effects. We have reanalyzed the fuzzy S 2 in the 3d Yang-Mills-Chern-Simons matrix model [50] by the large-N extrapolations. Finite-N effects turn out to be O( 1 N 2 ), and the large-N extrapolation reveals a slight deviation from the one-loop results.
CP
2 versus S 2 -which is the true vacuum? -
In the previous two sections we have seen that both the fuzzy CP 2 and the fuzzy S 2 are stable for sufficiently large α. In this section we discuss which of the two describes the true vacuum. For that purpose we compare the one-loop effective action for the fuzzy S 2 and the fuzzy CP 2 , which is given as (See appendices B.1.1 and C for derivation)
The first term is the classical result, and the second term represents the one-loop contribution. The large-N behavior is given by
Thus in the region
where both the fuzzy CP 2 and the fuzzy S 2 exist, we find that the fuzzy S 2 has lower oneloop effective action than the fuzzy CP 2 at large N . Considering that quantum corrections are dominated by the one-loop contribution at large N as we have seen for the observables in the previous sections, we may conclude that the true vacuum of the present model above the critical point is given by the fuzzy S 2 . Nevertheless we find the fuzzy CP 2 to be extremely stable. For instance, we have performed a simulation with the fuzzy CP 2 start for N = 10 (m = 3) and α = 1.4, which is just above the critical point. Note that the one-loop effective action (at finite N ) for the chosen parameters is calculated as W 1−loop ≃ −437.732905 · · · . In spite of the huge difference of the effective action, the fuzzy CP 2 is not seen to decay into the fuzzy S 2 even after 10 7 sweeps of the heat bath algorithm. This suggests the existence of a potential barrier between the two vacua, which presumably increases with N . In other words we consider that the fuzzy CP 2 stabilizes due to the suppression of the tunneling effects at large N .
Properties of the k coincident fuzzy CP
2
In this section we discuss the properties of the k coincident fuzzy CP 2 , which is also a classical solution of the model. Such a configuration is important since it gives rise to a gauge theory on the fuzzy CP 2 with the rank k. (We have obtained analogous results for the k coincident fuzzy S 2 in the same model.)
We have performed Monte Carlo simulations with the initial configuration given by the k = 2 coincident fuzzy CP 2
The size of the matrices should now be
In figure 5 we plot the action S and the eigenvalues of the Casimir operator Q defined by (2.10) against the Monte Carlo time τ (the number of "sweeps" in the heat bath algorithm). We observe that the k = 2 fuzzy CP 2 decays after 600 sweeps. Although the k = 2 coinciding fuzzy CP 2 is thus only meta-stable, we may measure various observables before it actually decays. The one-loop calculations can be performed neglecting the zero modes, and we obtain the results at large N as (See appendix B.3) 4) whereᾱ is the rescaled parameter defined by (3.3). In figure 6 we plot Monte Carlo data for these observables againstᾱ for N = 20, 30, 42 (m = 3, 4, 5). We observe a discontinuity atᾱ
which agrees with the analytical result (B.34). Above the critical point our Monte Carlo data agree well with the one-loop results (6.3) and (6.4) omitting the zero modes, suggesting again the "one-loop dominance". 
The dynamical gauge group
In the previous section we have seen the instability of the k coinciding fuzzy CP 2 in the k = 2 case. The instability is related to the zero modes that appear in the perturbation theory around these configurations. Although we cannot exclude the possibility that the instability disappears in the large-N limit, we can actually show that the one-loop effective action for the k coinciding fuzzy CP 2 (neglecting the zero modes) is always larger than the k = 1 case. Here the existence of the critical point (B.34) plays a crucial role. Thus we conclude that the dynamical gauge group for the fuzzy CP 2 is of rank one.
The one-loop effective action for the k coincident fuzzy CP 2 is obtained at large N as (B.29). In order for the k coincident fuzzy CP 2 (k ≥ 2) to have smaller effective action than the single CP 2 (k = 1),ᾱ should be smaller than
which is 2.235 · · · for k = 2, and increases very slowly with k. On the other hand, the critical point for the k coincident fuzzy spheres is given by (B.34), which is 2.7 for k = 2 and increases much faster with k thanᾱ k . In fact we can show thatᾱ k is smaller than the critical point for any k ≥ 2. Thus we find that the k coincident fuzzy CP 2 cannot have smaller one-loop effective action than the k = 1 case. A similar argument applies to the fuzzy S 2 case. The one-loop effective action for the k coincident fuzzy S 2 is given by (C.2). In order for the k coincident fuzzy S 2 (k ≥ 2) to have smaller effective action than the single S 2 (k = 1),α should be smaller thañ
which can be shown to be smaller than the critical point (C.3) for any k ≥ 2. Thus we find that the dynamical gauge group for the fuzzy S 2 case is also of rank one.
Summary and Discussions
In this paper we have applied nonperturbative techniques and ideas, which have been developed in ref. [50] , to a four-dimensional fuzzy manifold, the fuzzy CP 2 . The present model may be considered as a natural extension of our previous model in the sense that the epsilon tensor, which is nothing but the structure constant of SU (2), is now replaced by that of SU (3) . Since the number of bosonic matrices should be at least the dimensionality of the algebra, it is taken to be 8 instead of 3. Unlike the fuzzy S 4 in the matrix model with a quintic term [51] , the fuzzy CP 2 in the present model is nonperturbatively stable despite the fact that the one-loop effective action is higher than the fuzzy S 2 in the same model. Thus the model provides a nonperturbative definition of a gauge theory on the fuzzy CP 2 . It would be interesting to investigate the field theoretical aspects of this model as has been done in the case of the noncommutative torus [32] . From the viewpoint of the dynamical generation of the space-time, however, we should note that the true vacuum in the large-α regime is given by the fuzzy S 2 but not the fuzzy CP 2 . This conclusion is in contrast to the results [44] [45] [46] 48] obtained in the IIB matrix model [34] , where four-dimensional space-time is shown to have smaller effective action than the space-time with other dimensionality. We should also note that the gauge group dynamically generated for the cases studied in this paper as well as in the previous work [50] turns out to be of rank one, although there is no reason for it a priori. We feel that supersymmetry plays an important role in obtaining four-dimensional space-time as well as a gauge group of sufficiently high rank to incorporate the Standard Model. We would like to report on this issue in the near future.
A. The Explicit form of the representation matrix T (m,n) µ
In this section we present the explicit form of the representation matrix T (m,n) µ of the SU(3) algebra. This in particular provides us with the explicit form of the fuzzy CP 2 configuration A (CP 2 ) µ defined in eq. (2.8). For that purpose we introduce the so-called (anti-)symmetric tensor product.
Let us denote the matrix element of the matrix A for for the orthonormal states |i and |j as (A) ij = i|A|j . The usual tensor product is defined by
where |j 1 , j 2 = |j 1 |j 2 . The (anti-)symmetric tensor product are defined through their matrix elements
where |j 1 , j 2 sym and |j 1 , j 2 asym are the orthonormal (anti-)symmetrized state defined by
respectively. The size of the matrices representing the symmetric tensor product (A⊗B) sym and the anti-symmetric tensor product ((A ⊗ B) asym ) is k+1 C 2 and k C 2 , respectively, where k is the size of the matrices A and B. The (anti-)symmetric tensor product can be generalized straightforwardly to a product of more than two matrices.
Then the representation matrix of the (m, 0) representation is given as
where t µ denotes the fundamental (1, 0) representation of the SU(3) Lie algebra, which is given explicitly as 
The (0, n) representation can be obtained by simply replacing the fundamental representation t µ by the anti-fundamental representation, s µ = −t * µ , in the above definition. In order to obtain the (m, n) representation, we have to define an orthonormal state |j 1 , · · · , j m ; k 1 , · · · , k n mix with a mixed symmetry such that it is symmetric with respect to the first m indices and the last n indices, separately, and anti-symmetric with respect to the exchange of one of the first m indices and one of the last n indices. (This symmetry is exactly the symmetry of the Young tableaux for the (m, n) representation.) We denote the tensor product defined with these states as (
Then the representation matrix of the (m, n) representation is given as
The identity (2.7) can be derived as
where we have used the formulae
B. Perturbative calculations for the fuzzy CP 
B.1 The one-loop effective action
In this section we formulate the perturbation theory and derive the one-loop effective action for the single fuzzy CP 2 and the k coincident fuzzy CP 2 .
We decompose A µ into the classical background X µ and the fluctuationÃ µ as
and integrate overÃ µ perturbatively. In order to remove the zero modes associated with the SU(N ) invariance, we introduce the gauge fixing term and the corresponding ghost term
where c andc are the ghost and anti-ghost fields, respectively. The total action reads
which is given explicitly as
The linear terms inÃ µ cancel since X µ is assumed to satisfy the classical equation of motion. Here and henceforth we restrict ourselves to the case where the classical solution X µ is proportional to α. Then, by rescaling the matrices as A µ → α A µ , c → α c,c → αc, all the terms in the total action S total will be proportional to α 4 . This means that the expansion parameter of the present perturbation theory is 1−j) ). The classical part is given by W 0 = S[X], which is nothing but the action evaluated at the classical solution A µ = X µ .
In this section we consider the solutions, for which the third term in (B.6) vanishes. Then the kinetic term (B.6) can be written as
where we have introduced the operator P µ 10) which acts for any Hermitian N × N matrices M . The one-loop term can be obtained as 11) where the symbol T r denotes the trace of such an operator. The classical part is given by
In deriving the above expression we have used the relation
Next we calculate the one-loop term. In order to solve the eigenvalue problem of the operator (P λ ) 2 , we introduce the (c, c) type irreducible representation of SU (3 18) and Y c,i satisfies the relation
The details about the basis are referred to refs. [23, [53] [54] [55] [56] . We obtain the one-loop contribution as
Here we note that the zero mode is absent due to the traceless condition on matrices. At large N the one-loop effective action reads Next we consider the k coincident fuzzy CP 2 :
where m ′ and k have the relations
The classical part is obtained as
In order to solve the eigenvalue problem of the operator (P λ ) 2 in the present case, we consider the n × n version of the (c, c) type basis matrix Y ′ (c,i) and introduce a k × k matrix e (a,b) , whose (a, b) element is 1 and all the other elements are zero. Then as a complete basis of N × N matrices, we define = 1 N should be omitted as before, but not the others. Here, however, let us consider only the non-zero modes since the contributions are irrelevant in the large-N scheme. Then the one-loop contribution W 1 is given by
At large N the one-loop effective action (neglecting the zero modes) is expressed as
B.2 Derivation of the critical point
We derive the critical point using the one-loop calculation (B.28) in the same way as in the fuzzy S 2 case. To this end, we consider the classical solution A µ = β(T (m,0) µ ⊗ 1 k ). Plugging this solution into the effective action, we obtain
It has a minimum at
Here, we defineᾱ andβ asᾱ = αN 
B.3 The one-loop calculation of various observables
In this section we apply the perturbation theory discussed in the appendix B.1 to the one-loop calculation of various observables which are studied by Monte Carlo simulations in this paper. Here we take the background to be k coincident fuzzy CP 2 (B.22), but the results for the single fuzzy sphere can be readily obtained by setting k = 1. As in the appendix B.1.2, we omit the zero modes for k ≥ 2. We note that the number of loops in the relevant diagrams can be less than the order of 1 α 4 in the perturbative expansion since we are expanding the theory around a nontrivial background. At the one-loop level, the only nontrivial task is to evaluate the tadpole (Ã µ ) ij explicitly.
B.3.1 Propagators and the tadpole
The propagators forÃ µ and the ghosts are given as 36) where the symbol · 0 refers to the expectation value calculated using the kinetic term S kin in (B.6) only. Due to the symmetries, the tadpole Ã µ can be expressed as
with some coefficient c. Using the identity
the coefficient c can be determined by calculating the left hand side of (B.38).
At the leading order in
Using the fact that X µ is a linear combination of (Y ′ c=1,i ⊗ 1 k ), we can calculate (B.39) in the similar manner as we did in the previous section. After some algebra we arrive at
Using (B.38) we obtain
B.3.2 One-loop results for various observables
Using the propagator and the tadpole obtained in the previous section, we can evaluate various observables easily at the one-loop level.
The two-point function
. 
B.3.3 An alternative derivation
Since trF 2 and M are the operators that appear in the action S, we can obtain their expectation values easily by using the effective action calculated for the k coincident fuzzy CP 2 in the previous section. Let us consider the action The propagators forÃ µ and the ghosts are exactly the same ones as (C.1) and (C.2) in the previous S 2 paper [50] respectively. The tadpole is given by
We obtain the following expressions of the one-loop results for various observables: where we setα = αN (C.8)
